We answer the following question: Let λ, µ, ν be arbitrary real numbers. Does there exist a 3-dimensional homogeneous Riemannian manifold whose eigenvalues of the Ricci tensor are just λ, µ and ν ?
Of course, both answers are equivalent. But the formulations are so different, that it is useful to compare them here. In Ref. 2 one defines ρ 1 = max{λ, µ, ν}, ρ 3 = min{λ, µ, ν} and ρ 2 = λ + µ + ν − ρ 1 − ρ 3 and formulates the conditions as inequalities between the ρ i .
In Ref. 3 the formulation uses curvature invariants; first step: one observes that the answer does not alter, if one multiplies λ, µ, ν with the same positive constant. [Remark: this fails to be the case if we take a negative constant]; second step: we take curvature invariants which do not alter by this multiplication, i.e. we look for suitable homothetic invariants; third step:
we formulate the answer by use of the homothetic invariants.
First step: this can be achieved by a homothetic transformation of the metric (i.e., by a conformal transformation with constant conformal factor).
Then one excludes the trivial case λ = µ = ν = 0. Remarks: 1. In Ref. 2 this last inequality is more elegantly written as
2. There exists a one-parameter set (parameter a with 0 < a < 1 of Bianchitype VI manifolds having ρ 1 = −a − a 2 , ρ 2 = −1 − a 2 , ρ 3 = −1 − a; they represent the case where in subsection f) the right inequalities are fulfilled with "=".]
